Abstract. Let A be a complete discrete valuation ring with possibly imperfect residue field, and let χ be a one-dimensional Galois representation over A. I show that the non-logarithmic variant of Kato's Swan conductor is the same for χ and the pullback of χ to the generic residual perfection of A. This implies the conductor from "Conductors and the moduli of residual perfection" [4] extends the non-logarithmic variant of Kato's.
Introduction
Let A be a complete (or even henselian) discrete valuation ring with fraction field K. When the residue field k of A is perfect, there is [17, IV,VI] a well-known and satisfactory theory of wild ramification over A. We understand much less, though, when we do not require that k be perfect. In this context, Kato [11] has developed a good abelian theory: to every one-dimensional Galois representation χ over A, he gives a non-negative integer, the Kato-Swan conductor sw K (χ) of χ, that measures the extent to which χ is wildly ramified. It is the pole order, in the logarithmic sense, of a certain differential form-his refined Swan conductor. We can just as well, however, consider the order in the usual, non-logarithmic sense. I will call this the Kato-Artin conductor of χ and denote it by ar K (χ). When k is perfect, it agrees with the usual Artin conductor, and sw K (χ) agrees with the usual Swan conductor.
There have been several recent attempts [1, 3, 4, 19] to give a general approach to non-abelian wild ramification over such rings A. In one of them, I showed how to associate a non-negative integer ar(ρ) to any Galois representation ρ over A. The purpose of this paper is to show that when ρ is one-dimensional, ar(ρ) agrees with ar K (ρ).
Let A g be the generic residual perfection [4] of A. It is a residually perfect complete discrete valuation ring of ramification index one over A and is, in a certain sense, universally generic with respect to these properties. Let K g be its fraction field. Most of this paper is devoted to the proof of the following result.
Theorem. If χ is a class in H
1 (K, Q/Z) and χ ′ is its image in
The intuitive reason why this should be true is that the order of any differential form on A should remain unchanged when the form is pulled back to A g . When A is of equal characteristic, this has meaning and, once the necessary foundations are laid, is essentially a proof. In fact, the observation that there are residually perfect extensions with this property is what led to the definition [4] of the general Artin conductor. In mixed characteristic, however, this provides little more than motivation, and most of this paper is spent pushing it through to a real proof.
In section 2, I recall Kato's theory, prove some basic results, and define the Kato-Artin conductor. The proof of the theorem when A is of equal characteristic is in section 3. It uses Matsuda's refinement [12] of Kato's refined Swan conductor. Because the proof in equal characteristic is so much simpler than the proof in mixed characteristic, I encourage the reader to read it first. The basic technique in mixed characteristic is to use Kato's description [11, 4.1] (following Bloch-Kato [2] ) of certain graded pieces of cohomology groups in terms of explicit K-theoretic symbols and then understand how these symbols behave under pullback to A g . Section 5 contains a commutative diagram that encodes this behavior, and section 6 gives the proof in mixed characteristic. In the final section, I show how the theorem implies that ar(ρ) and ar K (ρ) agree for one-dimensional Galois representations ρ.
Conventions
If A is a discrete valuation ring, p A will denote its maximal ideal, and U Throughout, A will denote a henselian [14] discrete valuation ring, held fixed within each subsection, with fraction field K and residue field k. We will assume for simplicity of exposition that k always has characteristic p, where p is a fixed prime number. We will say A is of equal characteristic if K has characteristic p and is of mixed characteristic if K has characteristic 0.
The generic residual perfection
The purpose of this section is to recall the main facts [4, 1.14, 2.4] about the generic residual perfection we will need later.
1.1. The generic residual perfection of (the completion of) A is the A-algebra A g corresponding to the generic point of the moduli space of residual perfections of A. It is a complete discrete valuation ring with e A g /A = 1 whose residue field k g is perfect. Its fraction field will be denoted K g .
Theorem. Let T be a lift to
A of a p-basis of its residue field k, and let π ∈ A be a uniformizer. For each element t ∈ T , let u t,1 , u t,2 , · · · ∈ k g be the unique sequence such that the image of 
Kato's theory
The purpose of this section is to collect some results in Kato's theory [11] . Let us first recall the basics.
2.1. Let F be a field and let n > 0 and r be integers. If n is invertible in F * , let Z/n(r) be the r-th Tate twist of the constant sheaf Z/n on theétale topology (of Grothendieck [7] ) of F . If the characteristic of F is p > 0, write n = mp s , where p ∤ m, and let Z/n(r) be the complex For positive integers q, write H q n (F ) = H q (F, Z/n(q − 1)), and let H q (F ) be the colimit of H q n (F ) over the integers n (ordered by divisibility). The natural map H q n (F ) → H q (F ) is an isomorphism of H q n (F ) with the n-torsion of H q (F ). I will usually identify the two without comment. Let
be the connecting homomorphism of the Kummer triangle
(When n is a power of the characteristic of F , the existence of such a triangle follows from the theory of the 
Taking the colimit over integers n, we get a pairing
which we also denote by χ ⊗ {x 1 , . . . , x r } → {χ,
2.2. For any non-negative integer n, let fil n H q (K) be the subgroup of classes χ that have the property
2.3. LetÃ denote the henselization of the localization of the polynomial algebra A[T ] at the ideal generated by p A . ThenÃ is a henselian discrete valuation ring, and for any uniformizer π of A, we have [11, 6.3] 
We will denote the fraction field ofÃ byK and the residue field byk.
The map H
Given a uniformizer π of A, the map ψ → {ψ, π} is a splitting [11, 6 .1]. 
is a splitting. 
There is a unique map λ
A : ω q−1 k −→ fil 0 H q p (K) that gives to a map of se- quences 0 / / Ω q−1 k / / ξ1 ω q−1 k / / λA Ω q−2 k / / ξ1 0 0 / / H q p (k) / / fil 0 H q p (K) / / H q−1 p (k) / /
Theorem. Let n be a positive integer. Then for any class
Furthermore, the function χ → η induces an injective homomorphism
k . I will typically write κ n (χ) for the image under κ n of the graded class of χ. It is called the refined Swan conductor of χ.
2.8. Let us now consider the non-logarithmic analogue of the Kato-Swan conductor. Let χ be a class in H 1 (K, Q/Z) and put n = sw K (χ). Define
if χ is tame and ramified n if χ is ramified and
We call ar K (χ) the Kato-Artin conductor of χ. It is the natural non-logarithmic analogue of Kato's Swan conductor. As mentioned in the introduction, when sw K (χ) is not zero, ar K (χ) can be viewed as the order of the pole of κ n (χ) in the usual sense and sw K (χ) can be viewed as the order in the logarithmic sense. Matsuda [12, 3.2.5 ] has used what is essentially the same conductor. His is one less than ar K (χ) except when χ is unramified, in which case both are zero.
Basic facts
The rest of this section contains some propositions we will need in the proof of the theorem in mixed characteristic. All the proofs are straightforward.
Proposition. Let χ be a class in
and sw K (χ) agree, then they are a multiple of p.
Proof. [11, 5.4] Let A ′ be a finite extension of A of ramification index e, let K ′ denote its fraction field, and let k ′ denote its residue field. Let n, q, and s be positive integers.
Proposition. The following diagram commutes:
Proof. Use the uniqueness statement in 2.7.
Corollary. If the extension
A ′ /A is tame, then for any class χ ∈ H q (K), we have sw K (χ| A ′ ) = e sw K (χ) Proof. The map Ω • k → Ω • k ′ is injective.
Proposition. If the extension K ′ /K is Galois with group G and its degree is not a multiple of p, the natural maps
Proof. Since the order of G is relatively prime to p, the groups
The existence of a spectral sequence
, implies the first map is an isomorphism. The second then is by 2.11. 
Proposition. The exact sequences of 2.4 form a commutative diagram
As in Fontaine [6] , let CW (K) be its colimit. For example, if F p denotes the finite field of p elements, then CW (
induce a bijection between CW (K) and the set of elements (. . . , a −1 , a 0 ) such that a −i = 0 for sufficiently large i. I will typically use this identification without comment. 
It is easy to show that this sequence induces a surjection
It appears that this map was first considered by Serre [16] ; it has a nice interpretation in terms of the de Rham-Witt complex [8, I 3.12] .
3.4. Define the following filtrations indexed by non-negative integers n:
The filtration on fixed length Witt vectors was apparently first considered by Schmid [15] in the residually perfect case and (independently) Brylinski [5] in the residually imperfect case. It is immediate that ξ and ϕ preserve these filtrations. It is easy to check that ϕ does not factor through ξ but that gr ϕ does factor through gr ξ. (Here, [x] is the greatest integer that is at most x.) 3.6. Denote by φ n the resulting homomorphism
and by gr φ the induced map gr 
coincides with gr n φ.
Proposition. For non-negative integers m n, the diagram
Proof. Clear.
Proposition. Let A ′ be an extension of A of ramification index e, and let K
3.10. Finally, for any non-negative integer n, put fil
K . This filtration measures the order of the pole in the usual sense, whereas fil• Ω 1 K measures it in the logarithmic sense. The two filtrations are intertwined: 
Proposition. Let χ be a class in
Proof. By 3.7.
3.12. Lemma. For n 1, the natural map gr
Proof. Since we have gr
Let T be a lift to A of a p-basis for k, and let π be a uniformizer of A. Then the set dT ∪ {dπ} is a basis for the k-module k ⊗ A Ω 1 A . To show injectivity, it is enough to check that the image of dT ∪ {dπ} is k-linearly independent. But Ω 1 A g = A g dπ, and so it is enough to show, in the notation of 1.2, that {1} ∪ {u t,1 | t ∈ T } is k-linearly independent in k g . This follows from 1.2.
We can now prove the the theorem in equal characteristic.
is either n or n + 1. We will treat these two subcases separately.
k g and, so, ar K (χ| A g ) = n + 1. Now consider the second subcase, when ar K (χ) is n. By 2.9, we have n 2; so, for n = 2, it is enough to show χ| A g is not tame. This follows from 1.3. If n 3, we have [n/p] n − 2 and, hence,
Then, by 3.9 and 3.12, we have 
, and this completes the proof.
Some lemmas
The purpose of this section is to prove some lemmas needed in the proof of the the theorem in mixed characteristic. All the results in this section are, however, still valid in equal characteristic. Let π be a uniformizer of A.
Let
U i K M 2 (K) (for i 1) denote the subgroup of K M 2 (K) generated by the set {U i A , K * }. This filtration satisfies [2, 4.1] {U i A , U j A } ⊆ U i+j K M 2 (K). (4.1.1)
Lemma. Let x and y be non-zero elements of p
A . Then {1 + x, 1 + y} ≡ {1 + xy, −y} mod U vA(xy)+1 K M 2 (K). Proof. We have {1 + x, 1 + y} = {−y(1 + x), 1 + y} = −{−y(1 + x), 1 + xy(1 + y) −1 } ≡ −{−y(1 + x), 1 + xy} mod U vA(xy)+1 K M 2 (K) ≡ {1 + xy, −y} mod U vA(xy)+1 K M 2 (K).
Lemma.
Suppose A is residually perfect. Let x = 0 be an element of p A , and let z ∈ A * be such that the element z
Proof. The defining property of the lift s A (z) ofz is that it is infinitely p-divisible in K * . Therefore, it suffices to assumez = 1. By 4.2, we have
Proof. By the surjectivity of the higher Artin-Schreier maps ξ q and the natural maps Ω
Proof. Write n = sw K (χ). Then by 2.9, we have n > 1. Let ψ = {χ|Ã, 1 + π n−1 T }. Since n > 1, we have
′ be a henselian extension of A whose residue field k ′ is perfect and has the property that k is separably closed in it. (Take A ′ = A g , for example.) Since ar K (χ) = sw K (χ) and since k ′ is perfect, 2.10 implies sw
is therefore an injection. So, by chasing diagram (2.13.1) applied to the extensionÃ ′ /Ã, we conclude pψ ∈ H 2 p (k). By 4.4, there is a class
On the other hand, putting η = κ n (χ), we have But, by assumption, η is in p −n A ⊗ Ω 1 k , and so λÃ(−ηπ n T ) equals ξ 1 (−ηπ n T ), which is non-zero [11, 3.8] . Because of this, {ψ, 1 − π} is non-zero (2.4) and, hence, ψ is not in fil 0 H 2 (K).
A diagram
Assume A is of mixed characteristic. Let 
−1 and 0 n <ê.
For the rest of this section, we fix A and assume only that A admits a residually trivial extension that contains a primitive p-th root of unity. Let A ′ be a henselian residually perfect extension of A of ramification index one. Because we will use this only when A ′ is A g , the reader is free to assume it even though it does not simplify anything.
Fix the following notation: A µ /A is the subextension generically generated by a primitive p-th root of unity, and A 
is therefore contained in the image of H 1 (k).
Proposition. The composite map
where the leftmost map sends x to the class of x − s A ′ (x), is a derivation that vanishes on p A .
Proof. It is immediate that it vanishes on p A and a short computation shows it satisfies the Leibniz rule. To see it is additive, it suffices to show that for all x, y ∈ k, we have 
Since there is a map W → A ′ that is compatible with multiplicative sections, the congruence above holds.
If p does not generate p A , even the map A → (k ′ /k) ⊗ A p A is a derivation (in both equal and mixed characteristic).
Let us now define some morphisms. Let
denote the k-linear homomorphism induced by the derivation in 5.3. Put
and let (in the notation of 4.1)
where
A A µ , y ∈ A µ . Bloch and Kato show it is (well-defined and) an isomorphism [2, 4.3, 5.2] . Because Uê
. We can therefore define a map Proof. The commutativity of the rear lower face follows from the splittings of 2.4 and the usual compatibility between Artin-Schreier theory and Kummer theory. It is clear the other three faces for which it makes sense to ask the question commute. Therefore, it only remains to check that the perimeter commutes.
Because ν is an isomorphism, it is enough to consider elements
where π is a uniformizer of A and z ∈ A * . Write z| A ′ = s A ′ (z) + πy, where y ∈ A ′ . Then, letting [x] denote the graded class of x, we have
On the other hand, by 4.3, we have
Since the front lower and rear faces commute, the proof is complete.
The proof: mixed characteristic
Assume in this section that A is of mixed characteristic, and let A µ be an extension of A that is generically generated by a primitive p-th root of unity.
Proposition. The composite map
is injective.
(Compare with 3.12.)
Since ar K (χ) is one more than sw K (χ) and since the number ar n (ρ) = ar B n (ρ) is one more than (7.1.1), the equality of conductors follows.
7.2. Corollary. ar(ρ) = ar K (χ).
Proof. Since A g is residually perfect, ar(ρ) agrees [4, 3.3] with the sum in 7.1 and, hence, with ar K (χ). Applying the theorem in the introduction completes the proof.
